
Mini-Course on Random Tensor Models

rand related topics)

# Intro and Motivation

Tensors

order -1 tensor : Vector neIR" n= rui) ol]
Tie (n]
21 ,2 , ..., n3

order-2 tensor : Matrix Mel
*2

M = (Mij)

vF
Order-3 tensor : Terratus = (Tijk)

I
Symmetric matrix : Mij = Mji 1x 22

n3

Symmetric 3-tensor Tijm * Tikj =Tiki permutation
Rank-matrix : M = uvT nxn2 Mij = Kiv;
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Rank-1 tensor : T = Korew n , x12xu

- z

ner]F Tijk = virjun
&

/
WEIR'

Def The (CP) rak of a tensor T is the

minimum r such that I can be

expressed as the sum ofr rank-l tensors.

order 3 : T=uv
e

order 2 : coincides with matrix rank

Why tensors ?In statistics, data science,

ML, ...



Two reasons :

1) Multi-way data

~ value : efficacy
--
eve

patient ↑
condition

treatment

* Might expect/hope data isapprox) low
rank

* Want to learn underlying structure (like

PCA)
↳ low-rank approx

Model1 /Tensor PCA/Spiked Tensor)
Observe T = X v@3 + z nx1x1

↑ & ind N(O ,1) tensor

X =0 rover
SNR

VEIR" - planted signal,
Unknown

IIvll = n



Goal : recover/estimate v
Note : order-2 case is spiked Wigner

Objective : want algorithm that is

(i) statistically efficient (small x)

(ii) Computationally efficient /fast runtime
↑

Spoiler : can't have both ! polynomial time

Focus
:Computational threshold

2) Method of moments

Goal : learn a distribution D over IR"
from Y ---, YN D

Y : EIR"

From samples , can estimate

st moment : ECy]
ynD



2 moment : ElyyT]
for EGy] =0,
covariance matrix

zut moment : Efy] nxn x 1

:

Ex /Gaussian mixture
Unknown Centers Mic Mac ..- Mr EIR

D :

y
= x + z

↑
& zu Nro , In)

= GM We:

Mr Wip. Pr

①
Goal : Find Mic - -- Mr



Ejy] = ef]+
O

#fyyT] = (x+ z)(x+ z)" = E(xxt]+]
e I

#(xzT] = 0

=ItMin ELEXT] = 0

M
& like eigendecomp but

* First 2 moments are not enough Mi not

orthog.

Elges] her pin
* 3rd moment isSometimes) enough into

↳ ~ small enough

Model 2 Stensor Decomposition)
-



Given T=ricy uri) Eph

Goal : recover Gur, ..., u3
↑ un-ordered

Roadmap

· Solution(s) to tensor PCA & tensor decomp

* Challenge : most tensor problems are NP-hard
~

e
· compute rank Shastad'90] worst-case

· best low-rank approxHillar , Lim '09]
:

whereas matrices have SVD, eigendecomp...


